Elliptic Quantum Group ^^(S^), Hopf Algebroid Structure and 

Elliptic Hypergeometric Series 

Hitoshi Konno 

Department of Mathematics, Graduate School of Science, 
Hiroshima University, Higashi- Hiroshima 739-8521, Japan 
konno@mis.hiroshima-u.ac.jp 

Abstract 

We propose a new realization of the elliptic quantum group equipped with the iZ-Hopf 
algebroid structure on the basis of the elliptic algebra Uq tP (sl2)- The algebra Uq V (sl<z) has 
a constructive definition in terms of the Drinfeld generators of the quantum affine algebra 
Uq{s\,2) and a Heisenberg algebra. This yields a systematic construction of both finite and 
infinite-dimensional dynamical representations and their parallel structures to U q (sl2). In 
particular we give a classification theorem of the finite-dimensional irreducible pseudo-highest 
weight representations stated in terms of an elliptic analogue of the Drinfeld polynomials. 
We also investigate a structure of the tensor product of two evaluation representations and 
derive an elliptic analogue of the Clebsch-Gordan coefficients. We show that it is expressed 
by using the very- well-poised balanced elliptic hypergeometric series 12 V\\. 

1 Introduction 

In this paper we revisit the elliptic algebra Uq^sh) and study its coalgebra structure. The 
algebra U q ^ p (s\2) was introduced in [34] as an elliptic analogue of the quantum affine algebra 
U q {sl2) in the Drinfeld realization [9]. It was realized in [25] that Uq^si-z) is constructively 
defined by using the Drinfeld generators of U q (sl2) and the Heisenberg algebra {P, e®}. This 

construction was generalized to the elliptic algebra U qp (g) of all types of untwisted affine Lie 

(2) 

algebras 9 [25] and of the twisted type A 2 [32] . 

It was also realized that Uq P (o] has an interesting relation to the deformed coset Virasoro/iy 
algebras [2,15,19,46]. Namely, the level one (c = 1) elliptic currents of Uq jP (o) are identified with 
the screening currents of the deformed W algebras for q = sIn [25,31,34] and for q = A 2 [32]. 
This observation led us to a conjecture that the elliptic currents Ei{u) and Fi(u) of Uq zP (o) 
(i = 1,2, ■•■ , rankg) define the deformation of the Virasoro/M^ algebra associated with the 
coset g9g/g [25,34]. 



A study of coalgebra structure on U„ p (g) was far from straightforward. We constructed 
the L operators in terms of the elliptic currents and derived the RLL relation for the cases 

^ (2) 

g = sIn [25,31] and g = A 2 [32]. However it turned out that a naive Fadeev-Reshetikhin- 
Sklyanin-Takhtajan (FRST) construction [14, 47] does not work due to the dynamical shift 
appearing in the R matrices. Instead we obtained a connection to the quasi-Hopf algebra 
B qi \(g) [25]. That is the isomorphism U qtP (g) = B qj \(g) <8> {Pi,e < ^ i } (i = 1,2, ••• , rankg) as an 
associative algebra, where {Pj,e^ 4 } denotes a Heisenberg algebra. 

The quasi-Hopf algebra B q> x(g) (the face type) was introduced by Jimbo, Konno, Odake 
and Shiraishi [24] motivated by the works of Drinfeld [10], Babelon, Bernard and Billey [3] and 
Fr0nsdal [20]. At the same time, we introduced the vertex type quasi-Hopf algebra A q)P (sl]y). 
Both Aq :P (slN) and B q ^\(g) are isomorphic to the corresponding quantum affine algebras U q (g) 
as associative algebras, but their coalgebra structures are deformed from U q (g) by the twistors 
E(r) and F(\), respectively. By twisting the objects in U q (g), such as the comultiplication, the 
universal R matrices and the vertex operators, we can derive their quasi-Hopf algebra coun- 
terparts [24]. Then the relation U qtP (g) = B qi x(g) (g> {Pj,e^ 4 } allows us to derive the U q:P (g) 
counterparts from those of the quasi-Hopf algebra B q< \(g). Such a strategy led us to an exten- 
sion of the algebraic analysis scheme of trigonometric solvable lattice models a la Jimbo and 
Miwa [23] to the face type elliptic models [25,31-34]. 

However the tensor product with the Heisenberg algebras breaks down the quasi-Hopf algebra 
structure, so that U qtP (g) is not a quasi-Hopf algebra. Moreover, the quasi-Hopf algebra itself 
has a disadvantage that its coalgebra structure is not suitable for a practical calculation due to 
a complication arising from the same twist procedure. This is a serious defect, for example, to 
develop the representation theory of the elliptic quantum groups and their harmonic analysis. 

The aim of this paper is to show that a relevant coalgebra structure of U q>p (g) is an i/-Hopf 
algebroid and to formulate a new elliptic quantum group, which complements the disadvantage 
of the quasi-Hopf algebra. In this paper we consider the case g = sfe- The cases of other affine 
Lie algebra types will be discussed in future publications. 

The ff-Hopf algebroid was introduced by Etingof and Varchenko [12, 13] motivated by the 
works of Felder and Varchenko [16, 17]. Some additional structures were given by Koelink and 
Rosengren [29,43]. A good review of this subject can be found in [53]. In [12,30,51], it was 
applied to a formulation of Felder's elliptic quantum group E TtV (sl2) by using the generalized 
FRST construction on the basis of the RLL relation associated with the elliptic dynamical R 
matrix. Another formulation of E T ^(s{2) as a quasi-Hopf algebra was studied by Enriquez and 
Felder [11]. A similar Hopf algebroid structure was introduced by Lu [39] and Xu [55]. In [55], 
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Xu also studied the algebra T> ®U q (g), where T> denotes the algebra of meromorphic differential 
operators on fj*. His algebra is similar to Uq tP (g), but his q is a finite-dimensional simple Lie 
algebra. 

Our formulation is based on the fact that the RLL relation for U qtP (sl2) obtained in [25] is 
identical to a central extension of the one for Felder's elliptic quantum group. This enables us 
to apply the generalized FRST construction to our case with a modification due to a central 
extension. The main modification is that we use both the commuting subalgebra H of Uq P (sh) 
and the additive Abelian group H* C H* appropriately in the formulation. Here H contains the 
central element c, whereas H does not. We consider the field of meromorphic functions on H* , 
but we use H* to define the bigrading structure of U qp (sl2)- As a result we obtain a new face 
type elliptic quantum group U q #(sl2) as an i/-Hopf algebroid, which is realized in terms of the 
Drinfeld generators and has the central extension. We also show that the coalgebra structure is 
enough simple for a practical calculations. 

In comparison with the previous formulations [12,17,30,51], U q pisi-z) has the advantage that 
it has a constructive definition in terms of the Drinfeld generators of U q {si2). This allows a 
systematic derivation of both finite and infinite-dimensional representations of f7 9iP (sl2) from 
those of Uq{sl2) an d their parallel structures to U q {s\2)- As an example, we study a classifi- 
cation theorem of the finite-dimensional irreducible pseudo-highest weight representations and 
make a statement in terms of an elliptic analogue of the Drinfeld polynomials. This gives an 
elliptic analogue of the works by Drinfeld [9] and by Chari and Pressley [6]. In addition, we 
investigate a submodule structure of the tensor product of two evaluation modules. We obtain 
the singular vectors explicitly and derive an elliptic analogue of the Clebsch-Gordan coefficients. 
We show that the coefficients are given by the terminating very-well-poised balanced elliptic 
hypergeometric series 12 Vn, which was introduced by Frenkel and Turaev [18] on the basis of 
the work by Date, Jimbo, Kuniba, Miwa and Okado [8], and extensively studied by Spiridonov 
and Zhedanov [48,49]. This provides the alternative to the representation theoretical derivation 
of 12 Vn by Koelink, van Norden and Rosengren [30]. In [30], 12V11 was obtained as matrix 
elements of a co-representation of Felder's elliptic quantum group. 

In the separate paper [36], we discuss a free field representation of the infinite-dimensional 
highest weight representations of U q pisi-z) and derive the vertex operators as intertwining op- 
erators of such f7 gi p(s[2)-modules. The resultant vertex operators coincide with those obtained 
indirectly in [25] on the basis of the quasi-Hopf algebra structure of B q \(s\2)- This indicates a 
consistency of our i^-Hopf algebroid structure on Uq tP (sl2) even in the case with non-zero central 
element. We hence establish the extension of the algebraic analysis scheme to the fusion RSOS 
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model on the basis of Uq^fek)- 

This paper is organized as follows. In Sect. 2, we give a definition of the elliptic algebra 
Uq t p{s\2) and review some results on the RLL relation. In Sect. 3, we recall the definition of H- 
Hopf algebroid from [12,13,29]. Then we define an iif-Hopf algebroid structure on U qtP (sl2) and 
formulate it as an elliptic quantum group. In Sect. 4, after a summary of basic facts on dynamical 
representations, we consider finite-dimensional representations of U qtP (sl2)- In particular, we 
introduce an elliptic analogue of the Drinfeld polynomial and state a criterion for the finiteness 
of irreducible pseudo-highest weight representation of U q (sl2). We also investigate a submodule 
structure of the tensor product of two evaluation representations and derive an elliptic analogue 
of the Clebsch-Gordan coefficients. Sect. 5 is devoted to a discussion on the trigonometric, non- 
affine and non-dynamical limits of the results. In Appendix A, we give a list of the commutation 



relations of the L operator elements. Appendix B is devoted to a proof of Theorem 14. 181 

2 The Elliptic Algebra U q , p (si 2 ) 

In this section, we give a definition of the elliptic algebra [/^(jsfe) in terms of the Drinfeld 
generators of the quantum affine algebra U q (sl2) and the Heisenberg algebra {P, e®}. We then 
recall some basic facts on U q>p (sl2) from [25,34]. 

2.1 Quantum Affine Algebra K[U q (?l 2 )] 

Throughout this paper we fix a complex number q such that q ^ 0, \q\ < 1. 

Definition 2.1. [9] For a field K, the quantum affine algebra K^^sfe)] in the Drinfeld realiza- 
tion is an associative algebra overWL generated by the standard Drinfeld generators a n (n € 2^o); 
(n € Z), h, c and d. The defining relations are given as follows. 

c : central , 

[h, d] = 0, [d, an] = na n , [d, x„] = nx±, 

[h,a n ] = 0, [h,x ± (z)] = ±2x ± (z), 
[2n] q [cn] q M 
n 

[a n , x +(z)]= [ ^q-^z n x + (z), 
[a n ,x-(z)] = - [ ^z n x-(z), 
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(z — q ±2 w)x ± (z)x ± (w) = {q ±2 z — w)x ± (w)x ± (z), 

[x + (z),x-(w)] = —L^ ^{q- c ^( q c / 2 w)-5{q c ^)^ q - c / 2 w)) . 

where we use [n] q = q Z q -i > ${ z ) = Snez z ™ an ^ the Drinfeld currents defined by 



x 



q-q- 



i/j(q c / 2 z) = q h exp 



( (g - T 1 ) E a " z "" ) ' v(<f c/2 *) = ^ ex P (-(<?- E a -«* n J • 

V n>0 / \ n>0 / 



VKe a/so denote by M>[U' q (sl2)] the subalgebra ofK[U q (sl2)] generated by the same generators 
as K.[Uq(sl2)] except for d excluded. 

In the later sections, we use the symbols tp n and 4>- n (n G Z>o) defined by 
HQ c/2 z) = E ^z~ n , ^(q c/2 z) = 2 0_ n s». 

n>0 n>0 

Let ai and Ai = \ct\ be the simple root and the fundamental weight of st(2, C), respectively. 
We set \) = Ch, Q = 7La\ and \f = CA\. We denote by < , > the paring of tj and t)* given by 
< Ai, h >= 1. 

2.2 Definition of the Elliptic Algebra U qiP (si 2 ) 

Let r be a generic complex number. We set r* = r — c, p = q 2r and p* = q 2r * . We define the 
Jacobi theta functions [u] and [u]* by 

M = ^^e p (rt [ur = [«W, 

e p (z) = (z;p) 00 {p/z;p) 00 (p;p) 00 , 

where 

oo 

(2;pi,P2,-" ,Pm)oc= I] (i-^M 2 '--^)- 

ni,n 2 ,--- ,n m =0 

Setting p = e~~ , [u] satisfies the quasi-periodicity [u + r] = —[u], [u + rr] = e~ m<y2u / r+T \u]. 
Let {P, Q} be a Heisenberg algebra commuting with C[J7 5 (st2)] and satisfying 

[P,Q} = -1. (2.1) 

We set H = CP Cr* and H* = CQ ® C^r. We denote by the same symbol < , > as the 
above the pairing of H and H* defined by 

<Q,P>=1=< r * >, 
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the others are zero. We regard H* © H as a Heisenberg algebra by 

[x,y] =<x,y>. 

We also consider the Abelian group H* = 7LQ. We have the isomorphism <p : Q —> H* 
by na i i — > nQ. We denote by C[-ff*] the group algebra over C of H* . We denote by e a the 
element of C[i/*] corresponding to a € H*. These e a satisfy e a e^ = e a+l3 and (e a ) _1 = e~ a . In 
particular, e° = 1 is the identity element. 

Now we take the power series field F = C((P, r*)) as K and consider the semi-direct product 
C-algebra U qtP (si 2 ) = W[U q (sl 2 )] <8>c C[H*] of ¥[U q (sl 2 )] and C[H*\. We impose the following 
relation. For a £ H*, 

e a f(P, r*)e~ a = f{P+ <a,P >, r*). (2.2) 

Then the multiplication of Uq tP (sl2) is defined by 

(f(P, r*)a ® e Q ) • (g(P, r*)b ® e 13 ) = f(P, r*)g(P+ <a,P >,r*)ab ® e a+(S , 
a, beCp/^fe)], f(P,r*),g(P,r*) G F, a,/3eiT. 

Moreover, for f(P,r*) E F we regard the object f(P + h,r* + c) as the element of Uq^is^) in 
the sense of completion. We then have the following relations. 

x ± (z)f(P + h,r* + c) = f(P + hT 2, r* + c)x ± (z), (2.3) 
[/(P + / i ,r* + c),a re ] = 0, [/(P + /i,r* + C ),d] = 0. (2.4) 

Remark. The relation (|2.2p is automatically satisfied, if one takes the realization Q = -§p- 
The following automorphism r of Fft/^s^)] is the key to our "elliptic deformation" [25]. 

c i— > c, h i— > /i, cZ i— ► d, 

x + (z) i— > u + (z,p)x + (z), x~(z) i — > x~(,z)ii _ (z,p), 

h-> u + (q c / 2 z,p)ip(z)u~ (q~ c / 2 z,p), 
<p{z) i ^ u + (^ c / 2 z,p)v9(z)n-(g c/2 z,p). 

Here we set 

=exp ( ^ -J— a _„(g r z) n J , u~(z,p) = exp j -^^a n (g- r z)- n ) . (2.5) 

Vn>0 L J? / \ n>0 L J? / 

We define the elliptic currents E(u), F(u) and K{u) in C^,p(sl2)[M] as follows. 
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Definition 2.2 (Elliptic currents). 



E(u) = <j) r {x + {z))e 2Q z- — 

P + h-l 

F(u) = (f) r {X (z))z r , 



rn\ q 



Xe Q^-4^(2P-i)+ift 
d = d- i ^(P-l)(P + l) + l(P + / t -l)(P + h + l), 

where we set z = q 2u , p = q 2r . 

From (|2.ip and Definition l2.il we can derive the following relations. 
Proposition 2.3. 

c : central, 

[h, an] = 0, [h, E{u)\ = 2E(u), [h, F(u)] = -2F(u), 
[d, h] = 0, [d,a n ] = na n , 

[d, E(u)\ = (-z^ - 1) E(u), [d, F(u)] = (-z± - F(u), 



[2n] i [cn] i N 

9 0n+m,0j 



[a n , E(u)] = [ ^k q -^\ z n E(u), [a n , F(u)] = - [ ^k z n F(u), 
n n 

E(u)E{v) = [ "- V + ] ] * E(v)E(u), F(u)F(v) = [" ~ V ~ ^ F(v)F(u), 
[u — v — 1\ [u — V + 1J 

[e(u),f(v)\ = — (<j (V c -) tf+(<f/ 2 ™) - ^ (V-) ^-(g~ c/2 



w 



q — q x \ \ iu/ \ tt) 

where z = q 2u , w = q 2v , and we set 

HHz) = kK (u ± i(r - |) + (u± i(r - |) - , (2.6) 

K= lim ,T? r> ?(«;p»?) = -T4 iw i\ — • 



Moreover from (|2.2p and (|2.3p . we obtain the following relations. 
Proposition 2.4. For f(P) € C((P)), 

^)/(P) = /(P + l)^(u), E(u)f(P) = f(P + 2)E(u), [F(u),f(P)}=0, 

K(u)f(P + h) = f(P + h + l)K(u), [E(u),f(P + /»)] = 0, P(n)/(P + h) = f{P + h + 2)F{u) 
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Definition 2.5. We call a set ( ¥[U q (sl2)] <S>c C[H*], 4> r ) the elliptic algebra U q>p (sl2)- We also 
denote by U qp (si 2 ) the subalgebra F[C^(s[ 2 )] ®<c C[B*] ofUq^(sl 2 ). 

The following relations are also useful. 

Proposition 2.6. 

K(u)K{v) = p{u - v)K{v)K{u), 

\ u - v + \ U _ V _1±L] 

K{u)E{v) = Z^L E (v)K(u), K(u)F(v) = —LA F ( v )K{u), 

[u-v-^f-]* [u-v+— ] 

4-, , , , \u-v-\-%][u-v + l + %\* , x , , N 

+ , v i {pq 2 z} 2 {z- 1 }{q A z~ 1 } 4 
P {u)=Z2r { P z}{ Pq *z} W^ 1 ? ' W = ^ P '^- 

Note that the function satisfies 

p(0) = l, P(l) = ^, p(«W-«) = l, p(u)p(« + l)- 



[1] ' ^ ^ ' ' ^ ^ [«]* [u + 1]- 

In addition, the following formulae indicate a direct construction of H^(u) from the Drinfeld 
currents tp(z) and f(z). 

Proposition 2.7. 

r(P-l)+^ 



ff"(u) = r (^(z))e 2 «(^ +c / 2 z)"^ (P " 1)+ ^ 



2.3 The i?LL-relation for L^fefe) 

Following [25], we summarize the results on the L operator and the i?LL-relation for U qp (sl2)- 
In Sect. I3.2I we use the L operator to define the .ff'-Hopf algebroid structure of U q>p {si 2 )- 
We first define the half currents E + (u),F + (u) and K + (u) as follows. 
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Definition 2.8 (Half currents). 



K+(u)=K(u+ r -¥), (2.7) 

r^/ > */ w ,Ju - u' + c/2 - P + 1]* [11* cfe' , , 

E + (u)=a*i Eiu'y— / . . . J— J— ! -, 2.8) 

y> J c * v y [u - u' + c/2]*[P - 1]* 2mz n y 1 

F+ « = a 4 F m'V-i ^7= — ; V- 1 (2.9) 

K ' J c v ; [it - u'] [P + - 1] 2mz' y ' 

Here the contours are chosen such that 

C* : \p*q c z\ < \z'\ < \q c z\, C : \pz\ < \z'\ < \z\, 

and the constants a, a* are chosen to satisfy 

a*a[l]*K 



q-q 1 



1. 



The commutation relations for the elliptic currents in Propositions l2.3l - l2.6l yield the following 
relations for the half currents. 

Proposition 2.9. 

K + (ui)K + {u 2 ) = p(u)K + (u 2 )K + ( Ul ), (2.10) 

K+{ Ul )E+{u 2 )K+{ Ul )^ = E + (u 2 ) [ ±±f- - (2.11) 

K+M^F+MK+fr) = ^F+(u 2 ) - J^^^'^ F+im), (2.12) 

[u\ [P + h] [u] 

\'\ — 7/1* fl -I- 7/1* 

l -— ^-E+( Ul )E+(u 2 ) + L^_L E + (u 2 )E + ( Ul ) (2.13) 

~ E (ni) i?rf — — ( 2) I^f — W — ' 

m m 

^ [p + Zi-2] M + ^ lU2j [P + fc-2] M 

[P-l-Tj]* [1]* 



[E + ( Ul ), F + (u 2 )] = K + (u 2 - l)K + {u 2 y 



[u\* [p - iy 



where we set u = u\ — u 2 . 

We next define the L-operator L+(u) 6 End(F) <gs ^(sfe) with V = C 2 as follows. 
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Definition 2.10 (L-operator). 



L + (u) 



(2.16) 



1 F+(u) \ / K+(u-l) \ I 1 
1 ) \ K+iu)" 1 ) \ E+(u) 1 

Then the relations in Proposition 12.91 can be combined into the following single RLL relation. 



Proposition 2.11. The L + (u) operator satisfies the following RLL relation. 

R+( 12 \ Ul -u 2 ,P + h)L+W( Ul )L^ 2 \u 2 ) = L+W(u 2 )L + W( Ul )R+*(- 12 \ Ul - u 2 ,P), (2.17) 

where R + {u,P + h) and R + *(u,P) = R + (u, P)\ r ^ r * denote the elliptic dynamical R matrices 
given by 

( 1 \ 



R+(u,s) = p + {u) 



b(u,s) c(u,s) 
c(u, s) b(u, s) 



V 



(2.18) 
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with p + {u) in Proposition \2.b\ and 

[s + l][s-l] [u] 



b(u, s) 



c(u, s) 



[1 + u] 



[1] [s - n] 



c(u, s) = 
6(n, s) 



[1] [s + u] 
[s] [1+u] 



u 



[s][i + u y [i + u y 

One should note that the c = case of the RLL relation (|2.17|) is identical, up to a gauge 
transformation, with the one studied in the formulation of Felder's elliptic quantum group 
in [12,30,51]. 

2.4 Connection to the Quasi-Hopf Algebra B qi \(sl 2 ) 

It is worth to remark a connection of Uq jP (sl 2 ) to the quasi-Hopf algebra B q t \(sl 2 )- 
Let us define a new L operator L + (u,P) by 



L + (u,P) = L + {u) 



e~ Q 
e Q 



(2.19) 



Then from Definitions 12.21 and 12.10] one finds that L + (u,P) is independent of Q. We hence 
regard L + (u, P) as the operator in F[C/ g (st2)] having P as a parameter. Substituting (|2.19p into 
(|2.17j) . we obtain the following statement. 
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Proposition 2.12. The operator L + (u,P) satisfies the following dynamical RLL relation. 

R +il2 \ Ul -u 2 ,P + h)L +il \ Ul ,P)L + ^{u 2 , P + (2.20) 
= L+M(u 2 ,P)L+( 1 Hu 1 ,P + hW)R + < 12 \u 1 -u 2 ,P). 

This RLL relation is identified with the one for the quasi-Hopf algebra B q> \{s[ 2 ) under 
the parametrization A = (r* + 2)A + (P + l)Ai [24, 25], where A and A + Ai denote the 
fundamental weights of sl(2, C). This is due to the fact that under this A the vector representation 
of the universal dynamical R matrix lZ + (\) of B qj \(sl 2 ) yields the elliptic dynamical R matrix 
R + *(u, P) [25,35]. Furthermore we have the isomorphism B qt \(sl 2 ) = F[U q (sl 2 )] as an associative 
algebra. Combining these facts, we obtain the isomorphism U q;P (sl 2 ) = B q! \(sl 2 ) (g>c C[.fP] with 
A = (r* + 2)Ao + (P + l)Ai as a semi-direct product algebra. 

Note also that the c = case of (12.20j) is identical to the one used in [16, 17] to define Felder's 
elliptic quantum group in its original form. 

3 H-Hopi Algebroid 

In this section, we introduce an ff-Hopf algebroid structure into the elliptic algebra U q)P (sl 2 ) 
and formulate U qtP (sl 2 ) as an elliptic quantum group. 

3.1 Definition of the H-Hopi Algebroid 

Let us recall some basic facts on the if-Hopf algebroid following the works of Etingof and 
Varchenko [12,13] and of Koelink and Rosengren [29]. 

Let A be a complex associative algebra, H be a finite dimensional commutative subalgebra 
of A, and Mh* be the field of meromorphic functions on H* the dual space of H. 

Definition 3.1 (i?-algebra) . An H -algebra is a complex associative algebra A with 1, which is 

bigraded over H* , A = A a p, and equipped with two algebra embeddings /i;,/x r : Mh* — > 

a,/3eH* 

Aqq (the left and right moment maps), such that 

fJ>l(f)a = ani(T a f), fj T (f)a = afj ir (Tpf), a G A a/3 , f G M H *, 
where T a denotes the automorphism (T a f)(X) = f(\ + a) of Mh*- 

Definition 3.2 (if -algebra homomorphism) . An H -algebra homomorphism is an algebra homo- 
morphism tt : A — > B between two H -algebras A and B preserving the bigrading and the moment 
maps, i.e. 7r(A a/3 ) C B a[3 for all a, (3 G H* and Tr(fxf (/)) = /if (/), 7r(^(/)) = /if (/). 
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Let A and B be two ^/-algebras. The tensor product A®B is the H *-bigraded vector space 
with 

(A®B) a p = {A ai ® Mh * B lP ), 

where <S>m h » denotes the usual tensor product modulo the following relation. 

nf(f)a®b = a®nf(J)b, a e A, b G B, fe M H *. (3.1) 

The tensor product A®B is again an i^-algebra with the multiplication (a (g) 6)(c <g) d) = ac <S> bd 
and the moment maps 

Let P be the algebra of automorphisms M#* — > Mj» 

Equipped with the bigrading V aa = { /TL Q | / G M H *, a e H* }, V afj = (a ^ (3) and the 
moment maps nf,^ : Mjj* — > £>oo defined by nY(f) = = /^o 5 2? is an If-algebra. For 

any iJ-algebra A, we have the canonical isomorphism as an fZ-algebra 

A = A®V V®A (3.2) 

by o = a<§iT_f3 = T_ Q (g>a for all a G A a p. 

Definition 3.3 (if -bialgebroid). An H -bialgebroid is an H-algebra A equipped with two H- 
algebra homomorphisms A : A — > A® A (the comultiplication) and e : A — » £> ('i/ie counit) such 
that 

(A<g)id) o A = (id®A) o A, 
(e§)id) o A = id = (id§>e) o A, 

under the identification ()3.2p . 

Definition 3.4 (if-Hopf algebroid). ^4n H-Hopf algebroid is an H -bialgebroid A equipped with 
a C-linear map S : A — > A ff/ie antipode), such that 

S(fi r (f)a) = S(a)m(f), S(am(f)) = Hr(f)S(a), Va G A, / G M#* , 

m o (idgS 1 ) o A (a) = m(e(a)l), Va G A, 

m o (jSigiid) o A(a) = fi r (T a (e(a)l)), Va G A a/ g, 

where m : A® A — ► A denotes the multiplication and e(a)l is the result of applying the difference 
operator e(a) to i/ie constant function 1 G M#* . 
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Remark. [29] Definition 13.41 yields that the antipode of an i?-Hopf algebroid uniquely exists and 
gives the algebra antihomomorphism. 

The iJ-algebra V is an tf-Hopf algebroid with A v : V -> V®T>, e v ■ V -> V, S v ■ V -> D 
defined by 

Ap(/T_ a ) = /T„ a ®T„ a , 

= id, Sv(fT-a) = T a f = (T a f)T a . 



3.2 //-Hopf Algebroid Structure on t/^sfo) 

Now let us consider the elliptic algebra U q p (sl2)- Using the isomorphism (f> : Q — ► H* , we define 
the .fP-bigrading structure of U g>p = U g>p (sl2) as follows. 

a,/3€H* 



(Uq, p ) a p = < 



x e u. 



q,p 



q h xq~ h = q <1 ^ 1 ( a ~l 3 )> h> 

P -P <8 P> 
q xq = q^' 



x 



(3.3) 



Noting < 4> 1 {a),h >=< a,P >, we have 



qP+hxqHP+h) = g<a , P>x 



(3.4) 



for x G (U q>p ) af3 . 

Remark. The quantum affine algebra U q = ¥[U q (sl2)] has the following natural grading over H* 
Uq = Q(U q ) a , (U q ) a = {xGU q \q h xq- h = q<^ 1 ^ h> x}. 

We then have 

(U q ,p) a /3 = {Uq) a -!3 ®c Ce _/3 . 
Next let us regard the elements / = f(P,r*) G F as meromorphic functions on H* by 

/(/i) = /(< M ,P>,</i,r*>) /i G i/* 
and consider the field of meromorphic functions Mh* on H* 



Mh* ={f 



H* —> C 



f = f(P,r*) gf}. 



We define two embeddings (the left and right moment maps) fJ-i, fi r '■ Mh* — > (^ iP )oo by 

M/) = f(P + h,r* + c), /i r (/) = /(P,r*). 
From (12. 2D and (12, 3h . one can verify the following. 



(3.5) 
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Proposition 3.5. For x 6 (U qp ) a R, we have 

f*l(f)x = f(P + h,r* + c)x = xf(P + h+<a,P>,r* + c)= x^(T a f), 
fi r (f)x = f(P, r*)x = xf(P+ <p,P>, r*) = xfi r (Tpf), 

where we regard T a = e a £ C[H*] as the shift operator Mh* — > Mh* 

(T a f) = e a f(P,r*)e~ a = f{P+ < a,P>,r*). 

Hereafter we abbreviate f(P + h,r* + c) and f(P, r*) as f(P + h) and f*(P), respectively. 
An important example of the elements in Mh* is the elliptic dynamical R matrix elements 
(R+) £ M = R + *(u, PfJlsl in $nty , where e i% e\ = +, - (i = 1, 2). We then have 

^l((Ri)Hl) = R + (u,P + h)ii, » r ((R+)tS=R + *(u,P)^ 2 2 (3.6) 

in the abbreviate notation. 

Equipped with the bigrading structure (|3.3p and two moment maps (|3.5p , the elliptic algebra 
Uq tP (sl2) is an i^-algebra. 

We also consider the -ff-algebra of the shift operators 

T> = { J2fr T <*i I fi G Mh* , cti G H* }, 

i 

P aQ = { /T_ Q }, D a/3 = (a / 

Then we have the ^/-algebra isomorphism J7 9i p = U qtP <S)T> = T>&)U qtP . 

Now let us consider the i?-Hopf algebroid structure on U qtP . It is conveniently given by the 
L operator L + (u). We shall write the entries of L + (u) as 

IlIAu) Lt (u)\ 
L+(u) = J +K ' ' ■ 3.7 

\L± + (u) L±_(u)J 

According to the GauB decomposition (|2.16p . we have 

L+ + {u) = K + {u-l)+F + {u)K + {u)- l E+{u), L+_(u) = F+ (u)K+ (u)" 1 , (3.8) 
L± + (u) = K + {u)- l E + {u), Lt_{u) = K + (u)-\ 

One finds 

Lt l£2 (u) G (U q , p )- £lQ ,- £2Q . (3.9) 
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It is also easy to check 

f(P + h)L+ £2 (u) = Li l£2 {u)f{P + h-e 1 ), 

f*(P)L+ £2 (u) = L+ £2 (u)f*(P-e 2 ). (3.10) 

We define two .ff-algebra homomorphisms, the co-unit e : U qyP — > T> and the co- multiplication 

A : Ug jP -> U^p®U q>p by 

e(L+ £2 (u)) = 8 £1}E2 T E2 , e(e Q ) = e Q , (3.11) 

e(jn(f)) = £(//,(/)) = fTo, (3.12) 

A(£+ s ») = E4 + 1£ 'W^ £ \»> ( 3 - 13 ) 

e' 

A(e Q ) = e Q ®e Q , (3.14) 

A( W (/)) = A( Mr (/)) = 1§M/)- (3.15) 

In fact, one can check that A preserves the relation (|2.17p . Noting (|3.6p and the formula obtained 
from (EH) 



f*{u 1 P)a®b = a®f{u,P + h)b a,b£U q , p , (3.16) 

we have 

A(LHS) = ^A(i? + (n,P + / l )^)A(L+ £i ( W 0)A(L+ £2 (n 2 )) 

f' f' 

= Yi ^ + (^^+/ i ):j4^ l£ (^)%'(^)^i 1 K)£ £ \ 2 (^) 



e l' £ 2 



-1> £ 2 

E ^)ef 4 ^ 4 («l)^ M 

-1 ,E 2 

E%' 2 (^)% ; («i)®^ + (u,p+^) £ f 4 ^ 1 («i)^ £2 (^) 

f' 

s,s' 



e l> £ 2 



= A(RHS). 
In the fourth line, we used the property 

P + 4 + e' 2 )^? = R + *(u, P)%1. 
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Lemma 3.6. The maps e and A satisfy 



id) o A = (id®A) o A, (3.17) 
(e®id) o A = id = (id§e) o A. (3.18) 

Proof. Straight forward. □ 
We also have the following formulae. 

Proposition 3.7. 

e{q h ) = e{q c ) = T , (3.19) 
A(q h ) = q h ®q h , A{q c ) = q c ®q c , (3.20) 

J \- 5 mn (321) 

\f(P + h,r* + c)J f(P + h,r*+c) f(P + h,r*+c)~ K ' ' 

Proof. (I3TT9]) follows from {52} and (|3T2"j) . whereas (pT20"j) follows from ([33]), (I3TT5D and (ETT]) . 

For example, 

A(q h ) = A{q P+h q~ P ) = A(q P+h )A(q- p ) = q P+h ®q~ P = q h ®q h . 

To show (EOTj) we use (1335]) and as 

~ ~ ~ ~ ~ f CP r*") 1 ~ 

LHS = A( Mr (/))A( W (/)- 1 ) = M-^lhU) = f (p + h,J+c)nP,r*) mP > r * ) = RHS - 

□ 

We next define an algebra antihomomorphism (the antipode) S : C/^p — » by 
= Ll„(u - 1), ff(L+_(u)) = - 1), 



g(£ + + (u)) = - r J P] * , L+Ju - 1), S(L+ («)) = S P + ^ (n-1), 
[P + l]* ~ +v ; v "~ v ;; [P + h][P + l]* 

S(e«) = e"«, SK(/)) = W (7), 5(/x,(7)) = M/)- 



Note that 5 preserves the RLL relation (|2.17p . To show this, we use the relations in Proposition 
T9l Furthermore we have the following Lemma. 



Lemma 3.8. The map S satisfies 



m o (id ® S) o A(x) = /^(e(x)l), Vx e 

m o (5 <g) id) o A(x) = fi r (T a (e(x)l)), Vx G (U qtP ) a p. 
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Proof. We prove the first relation for x = L ++ (u). The other is similar. Using (|3.8[) and (|3.10p . 

LHS = L ++ (u)L--(u - 1) - L + „(n)L„ + (n - 1) [P ~ 1] * 
= (K + (u - 1) + F+i^K+iu^E+iu^K+iu - l)" 1 



= l= W (e(L ++ («)l)). 

In the last line, we used the relation (|2.1ip with the replacement u\ h- ► u — 1,U2 >— ► u and 

IiH-1. □ 

From Lemmas 13.61 and 13.81 we have 



Theorem 3.9. The H -algebra U qp {sl2) equipped with (A, e, S) is an H-Hopf algebroid. 

Definition 3.10. We call the H-Hopf algebroid (^^(s^), H, Mjj* , fn, fi r , A, e, 5) the 
elliptic quantum group t/g^sfe). 

We also use the following comultiplication formulae for the half currents. 

Proposition 3.11. 

oo 

A(K + {u)) = K + (u)®K + (u) + Y,(-) jE+ ( u ) jK+ ( u )® K+ ( u ) F+ ( u ) j i 

3=1 

A (£+(«)) = l®E + (u) + E + (u)®K + (u)K + (u - 1) 

oo 

+ ^{-) j E + (uy +l ®K + {u)F + (uyK + (u - 1), 

3=1 

A(F+(u)) = F+(u)®l + i4T + (u - l)K + (u)iF + (u) 

OO 

3=1 

oo 

+ + C ± )£+(u + C± - l) j K+(u + C± - l)®H + (u)F + (u + C± - l) j 

3=1 

+£+(u + C ± y #+(«)§«#+ (it + C±)F+(u + C±) j K + (u + C± - 1)} 

oo 

+ + Ci)*!^ (u + C±)£ + (u + C± - +(u + C± - 1) 

i,3=l 

+ C±)F + (u + cy'lT^u + C± - l)F + (u + C± - 

where C± = -§ ± (§ - f). 

Proo/. Use (f3TT3l) . (I3H and ^M) as well as A (re) = k®k obtained from (ET2T1) . □ 
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4 Finite-Dimensional Representations 

In this section, we discuss representations of the elliptic algebra U' qp = U' qp {si2)- The main 
results are the criterion for the finiteness of irreducible representations Theorem 14.111 and the 
submodule structure of the tensor product of two evaluation representations Theorem l4.17l - H.191 
For brevity, we denote the entries of L + (u) by 



L+(u) 



4.1 Dynamical Representations 



a(u) (3{u) 
7(n) 8{u) 



We introduce the concept of dynamical representation, i.e. representation as .ff-algebras [12, 
13,29]. We follows the definition given in [29]. We then give a construction of dynamical 
representations of U' qp . 

Let us consider a vector space V over F, which is f)-diagonalizable, 

V=Q%, % = {v G V | q h v = q»v (h G i))}. 
Let us define the -ff-algebra T> H ^ of the C-linear operators on V by 



(D H9 ) af3 = { X G Endc^ 



X(f*(P)v) = f*(P-<fJ,P>)X(v), 
X(%) C V^-x^-fl, v € V, f*(P) € F 



fH Ht9 (f)v = f(P + fi)v, l£ B *(f)v = f*(P)v, feM H * 
for v G Va. We follow the abbreviation mentioned below Proposition 13.51 

Definition 4.1 (Dynamical representation). A dynamical representation of U qp on V is an 
H -algebra homomorphism n : U qp — > T> H y. The dimension of the dynamical representation 
(tt, V) is dimF V . 

Let (ny, V), (nw, W) be two dynamical representations of U qp . We define the tensor product 
V®W by 

V®W = (V®W) a , {V®W) a = Q% ®m h * W a -/3, 

a£t)* Pel)* 

where ®m h * denotes the usual tensor product modulo the relation 

f*(P)v®w = v® f(P + v)w (4.1) 
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for w S W v . The action of the scalar f*(P) E F on the tensor space V<S>W is defined as follows. 

f*(P).(v®w) = A(jir(f))(y®w) = v®f*{P)w. 

We have a natural i^-algebra embedding 6vw '■ v®^hw ~ * ^hv®w Xy<g>X^ € 
{V H y) ai ®M H * {^ H y/)iP ^ ^v>^ X w e C^ff.VwW Hence o (*V ® ?w) o A : U' q>p -> 
^g^y gives a dynamical representation of on V<8>W. 

Now let us consider a construction of dynamical representations of U' qp . Let V be an fj- 
diagonalizable vector space over F. Let Vq be a vector space over C, on which an action of is 
defined appropriately. Two important examples of Vq are Vq = CI and Vq = © ne zCe n< ^, where 
1 denotes the vacuum state satisfying e^.l = 1. Let us consider the vector space V = V ®c Vq, 
on which the actions of f*(P) £ F and are defined as follows. 

f*(P).(v®0 = t(P)v®ti, 
e Q .(f*(P)v <g> £) = f(P + 1)« ® e Q £ 

for f*(P)v ® £ G V <8) Vq. The following theorem shows a construction of dynamical represen- 
tations. 

Theorem 4.2. Lei V, Vq and V be as in the above. Let (ivy : ¥[U q ] — > EndpV, V) be a rep- 
resentation of F[Uq(sl 2 )]. Define a map tt v = Try <8> id : U' qp = ¥[U q ] ®c C[H*] -> EndcV^ 
fry 

7rV(£7(ii)) = ^(0r(x + (2)))e 2Q z- i ^ i , 

_ P + 7ry(fe)-l 

7Tv(F(lt)) = 7ry(^ r (x (z)))z 

n v (K(u)) = exp f £ Ml vr y (a_ TO )(g c z)" ) exp f - £ 7r y (a n )^ ) 

Then (nv,V) is a dynamical representation ofU' on V. 

Through this paper we consider the dynamical representations obtained in this way. 

4.2 Pseudo-highest Weight Representations 

We define the concept of pseudo-highest weight representations and write down some basic 
results on them. Most of them are parallel to the trigonometric [6] and the rational [5] cases. 
We begin by stating an analogue of the Poincare-Birkhoff-Witt theorem for U' q . 



19 



Definition 4.3. Let Ti (resp. Af±) be the subalgebras of ¥[U^ p (sl2)] generated by c,h and 
dfc (k G Z^ ) (resp. by x^, {n € Z)J. 

From Proposition 3.1 in [6] and a standard normal ordering procedure on the Heisenberg 
algebra, we have the following. 

Theorem 4.4. 

U' qp = (A/1 <g> n ® A/+) <8> C[H*]. 
Here the last (g> should be understood as the semi-direct product. 

The following indicates a characteristic feature of the finite-dimensional irreducible dynam- 
ical representation of U' qp . 

Theorem 4.5. Every finite- dimensional irreducible dynamical representation (jry,V = V <£>Vq) 
of U' qp contains a non-zero vector of the form O = f2 (g> 1, 17 € V such that 

1) x+.ft = VnGZ, 

2) Q is a simultaneous eigenvector for the elements ofTC, 

3) e Q .n = n, 

4) v = u' qtP .n. 

Furthermore q c acts as 1 or —1 onV. 

Proof. Note that for each k € Z, C{x^~, xZ k , q h q kc } = U g (sl2) is a subalgebra of U q p (sl2). Then, 
concerning the action of the Fft/^s^)] part, the existence of a vector S7' = 17 (g> £ € V = V ®Vq 
satisfying 1) and 2) follows from Proposition 3.2 in [6]. 

There are two types of 17, the one depending on P and the other not. The latter case is 
simple, acts on 17' as e^.17' = 17 ® e^£. The finiteness and irreducibility of V imply the 
existence of a unique non-zero vector £ such that = C£ with a complex number C / 0. 
Redefining ^e® as e^, we identify £ with 1. 

For £7 depending on P, let us write the P dependence explicitely as £l'(P) = 17(-P) <8> £• 
acts on 17'(-P) as e^.O'(P) = + 1) (g) e^£. The finiteness of V implies that a finite number of 
vectors in {17(P + n) (n € Z)} are F-linearly independent. Setting 17 = Ylnei + n ) ® we 
have e^.17 = ^nez ^0° + n ) ® e ^£- Then the same argument as the first case leads to £ = 1, 
and we obtain 17 satisfying 3). 

In both cases, Theorerr i4.4l yields V = U qp .Q. As for the action of q c on V, the statement 
follows from Corollary 3.2 in [6]. □ 
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Remark. An example of the vector f2' independent of P is Vq <8> 1 in Theorem 14. 131 whereas the 
one depending on P is in Theorem 14.171 

Definition 4.6 (Elliptic loop algebra). The elliptic loop algebra Uq ;P (L(sl 2 )) is the quotient of 
UL p {sh) by the two sided ideal generated by c. 

Note Uq )P (L(sl 2 )) = ¥[U q (L(sl 2 ))\ <8>c C[H*\, where ¥[U q (L(sl 2 ))] denotes the quantum loop 
algebra obtained as the quotient of F[£/ g (sl2)] by the two sided ideal generated by c [6]. Note also 
that U gtP (L(sl 2 )) is an H-Hopf algebroid with the same m, p, r , A, e, S as U' p (sl 2 ). Furthermore 
the RLL relation for U qtP (L(sl 2 )) is given by ([237]) with replacing R + *(u,P) with R + (u,P). It 
is identified with the one for Felder's elliptic quantum group studied in [12,30,51]. Hence the 
corresponding L + (u) in (|2.16p gives a realization of Felder's elliptic quantum group in terms of 
U q , P {L(sl 2 )). 

Hereafter we consider dynamical representations of Uq tP (L(sl 2 )). 

Definition 4.7 (Pseudo-highest weight representation). A dynamical representation (7fy,V = 
V(&Vq) ofUg jP (L(sl 2 )) is said to be pseudo-highest weight, if there exists a vector (pseudo-highest 
weight vector) J7 € V such that e^.fi = and 

1) x+.n = (n e Z) 

2) ?p n .n = d+h, ^ n .n = dz n n (nez> ), 

3) v = U qtP (L(sl 2 )).n, 

with some complex numbers d± n satisfying d^dQ = 1. We call the set d= {d± n }neZ> the 
pseudo-highest weight. 

We can state the equivalent conditions in terms of the matrix elements of L + (u). 

Theorem 4.8. For a vector flsF satisfying e® .Q = tt, the conditions 1) and 2) in Definition 
\4- 7| are equivalent to the following. 

i) 7(«).f2 = Vu, 

%%) q h .n = q X n 3A G C, 

a(u).Q = A(u)n, 5(u).tt = D(u)n 

with some meromorphic functions A(u) and D(u) satisfying D(u — l) -1 = A(u) and 

A{u) = z^ Y, ^m, n z m p n A m , n G C, z = q 2u , p = q 2r . (4.2) 

mGZ,ra£Z>o 
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Proof. We show that i) and ii) yield 1) and 2). Let us define e n (n £ Z) by 

(j) r (x + (z)) = s £ j e n z~ n . 

From ^M), we have [25] 



Here we used the following formula. 

[u + s] 



V 



[u\ [s\ I — q~ 2s p n ' 



Then it follows from (|3.8p that i) is equivalent to e n .O = for all neZ, 
Furthermore from the definition of x + (z) and (12.51). we have 



Here ({««}) denotes the Schur polynomial defined by 

exp \ a nZ n \ = E Pk{{ai})z k . 

Pfc({a/}) has the following expression. 

Pk{{ai}) = 



mi mi, 
a l ■■■ a k 

m\\ ■ ■ ■ md 

m\+2m2~\ \-km^=k 



Expanding p^ ({"[rlf - }) as a P ower series in p = q 2r , it follows that the condition e n .f2 = for 
all n E Z is equivalent to a^.O = for all n G Z. 

Similarly applying ii), we can evaluate H + (u).£l as follows. 

Here we used Proposition O in the LHS, and §2J3) and §32$ in the RHS. Note that due to (|4T2l) 
fractional powers of z in the both hand sides cancel out each other. Expanding the both sides 
as a Laurent series in z and a power series in p, one finds that {k € Z^q) are simultaneously 
diagonalized on Q, and their eigenvalues are determined by the coefficients of the series in the 
right hand side. □ 

Definition 4.9 (Verma module). Let d= {d± n } n £Z >a be any sequence of complex numbers. 
The Verma module M(d) is the quotient of Uq )P (L(sl2)) by the left ideal generated by {x^ (k £ 
Z), - d+ • 1, - dZ n ■ 1 (n G Z> ), e« - 1}. 
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Proposition 4.10. The Verma module M{d) is a pseudo-highest weight representation of 
pseudo-highest weight d. Every pseudo-highest weight representation with pseudo-highest weight 
d is isomorphic to a quotient of M(d). Moreover M{d) has a unique maximal proper submod- 
ule N(d), and up to isomorphism, M(d)/N{d) is the unique irreducible pseudo-highest weight 
module of U qjP (L(sl2)) ■ 

4.3 Elliptic Analogue of the Drinfeld Polynomials 

We now consider a classification of finite-dimensional irreducible dynamical representations of 
Uq jP (L(sl2)) ■ We introduce a natural elliptic analogue of the Drinfeld polynomials. 

Theorem 4.11. The irreducible pseudo-highest weight dynamical representation (jfy,V) of 
Ug tP (L(sl2)) is finite- dimensional if and only if there exists an entire and quasi-periodic function 
Pv(u) such that 

TT± ( \ o p y( u + 1 )f> 

PvW 



P v ( u + r ) = (-) d ^ p P v (u) 

j r> ■ V^dcgP/ 2(11-04) , 

P v (u + rT) = (-) dc g p e - m ^=i { ^^ +r) Py{u). 



Here f2 denotes the pseudo-highest weight vector in V , and r = — The symbol cy denotes 
a constant given by 

degP 1 



c v =q , ide s p ] [ a 



where degP is a number of zeros of Py{u) in the fundamental parallelogram (l,r) (= the degree 
of the Drinfeld polynomial P(z) = Hindoo Py (u) , z = q 2u ), and aj = q 2oij with ctj being a 
zero of Py(u) in the fundamental parallelogram. The function Py{u) is unique up to a scalar 
multiple. 

Proof of the "only if" part. From Theorem 14.51 V has the pseudo-highest weight vector Q. From 
Theorem 3.4 in [6], there exists the Drinfeld polynomial P{z) such that P(0) = 1 and 

?{z).n = q dcsp P ^' 2z ' 1] n = Mz)A 

P(z l ) 

Here the first and second equalities are in the sense of the power series in z and z~ l , respectively. 

Then using Proposition 12.71 and the formulae 

00 00 
u + (z,p) = l[q h <p(q c / 2 q 2r * ( - l+l h), u~(z,p) =\{q- h ^{q c / 2 q- 2 ^ l+l h), 
1=0 1=0 
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we obtain 

oo oo 

H + (u).h = {q r z)T Y[ q h ip{q 2r{l+1) z) ■ i/>(z) ■ ]J q~ h ^{q- 2r{l+1) z)Q 



1=0 1=0 



^ n <^ p % q L z -i) n qdcsP % 



2rl z -l) 



Supposing that the Drinfeld polynomial P(z) is factorized as P(z) = Yij^i"^ ~ a j z )> we have 



3- 



\ O q 2r (a j/q 2 zY 

de s p if , 1 l 

ni \u + 1 — a,- - 



■""idegP 



it — a,- 



This is the desired result with Py(tt) = 11^=^ [ u ~ a j]- The quasi-periodicity of Pv(u) follows 
from the one of the theta function [u]. 

The proof of the "if part is given in the next subsection. □ 
Remark. We can take cy = 1 by the gauge transformation given from (2.11) in [25]. An example 
is given in Corollary 14.151 

Proposition 4.12. LetV andW be finite dimensional dynamical representations ofU q}P (L(sl2)) 
and assume that the tensor product V®W is irreducible. Let Py (u) , P\y (u) and P v ^ w (u) be the 
entire quasi-periodic function associated to V,W and V®W in Theorem ^. 11 Then 



P v®w( u ) = Pv{u)Pw{u). 

Proof. The statement follows from the comultiplication formulae for the half currents in Propo- 
sition ETUI □ 

4.4 Evaluation Representations 

We consider an elliptic analogue of the evaluation representation of U q (L{sl2)) [6,22]. This is an 
important example of the finite-dimensional irreducible dynamical representation of U qjP (L(sl2)) . 
Some formulae presented here were essentially obtained in [25]. Corollary 14.151 and Proposition 
14.161 are new. 

Let us consider the I + 1-dimensional evaluation representation (ni lW ,Vw ) of ¥[U q (L(sl2))]- 
Here = ® l m=0 ¥v l m , = W ® C [w,w 1 ], and we define operators h, on V® by 

hv l m = (I — 2m)v l m , S v m = v l mTl , v m = for m < 0, m > I. 



24 



The action of the Drinfeld generators on Vw is given as follows. 



w 

n q — q 

TTl VJ (x ± (z)) = S ± 



^l((<f + q~ n )q nh - (q {l+1)n + q- (l+1)n )), (4-3) 



9 V Z 



2 

Applying this to Proposition 14.21 and noting Definition 12.81 we obtain the following theorem. 

Theorem 4.13. Let V®(w) = V®(w) g) CI be the vector space, on which e® acts as 

e Q .{f{P)v®l) = /(P + 1)« ® 1. 

The image of the half currents by the map tt^ w = tti w <8> id on U qjP (L(sl2)) — ¥[Uq(L(sl2))] <X>c 
C[.ff*] is given, up to fractional powers of z,w and q, by 



[u-v -2 



- v - h+1 _ PI ll+h+l] 

n w (E + (u)) = - e ^S +[ ^^ 2 2 J eQ 

' [u-v-^][P] 



7f, w (F+(u)) = S- 



[u - v + Y + P][^] 
[u-v-^)[P + h-l] 



7T; w (H (u) ) = - ^xfe 2Q 



where z = q , w = q , and 

tpi(u) = -z-^pf l (z,p)~ 1 [u + ^ti.], 
+ g {pg fc -' +2 .g}{pg~ fc+ ' +2 z} {g fc+;+2 /^}{g" fc -'+ 2 /z} 

Furthermore (^i w ,V^ l \w)) is the I + 1-dimensional irreducible dynamical representation of 
Uq tP (L(sl2)) with the pseudo-highest weight vector v ® 1. 

Proof. One can directly check that 7f; !lu (i ; C + («)), 7r; iU) (£ ;+ (u)) and 7?/ iIU (P" i ~(m)) satisfy the rela- 
tions in Theorem 12.91 In the process, we use the formula 

ip l (u)( Pl (u-l) = [u- l -^][u+ 1 -^}. (4.4) 

□ 

Prom Definition I2.1UI we obtain the image of the matrix elements of L + (u) as follows. 
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Theorem 4.14. 



(pi(u-v)[P][P + h + l] 



nMu)) = ~ S -v)[P + h -I] e 

^(7(n)) = 2 Fl[ 2 J ^ 



<Pi(u-v)[P] 



/l-ll 



m w (5(u)) 



[U-V 2 



(fi(u - v) 

Corollary 4.15. The elliptic analogue of the Drinfeld polynomial associated to V^(q 2v ) is given 
by 

PlA u ) = [u-v- -v- + !]■■■[«-«+ l ~y L ]- 

Proof. Noting 5(u) = K+iu)" 1 , from (JZH), (ETTJ) and TheoremEU we obtain 

\ u - v + £±ll 

^( J H- ± («))(^^1) = ^ irrVo®!- (4 ' 5) 

Then the entireness and the quasi-periodicity of Pi )V {u) yield the desired result. □ 
Note that the zeros of Pi tV {u) coincides with those of the Drinfeld polynomial corresponding 
to the evaluation representation V^\q 2v ) of U' q (L(sl2)) modulo 7Lr + Zrr. Note also that we 
have no cy factor in (|4.5|) due to the remark below Theorem 14. Ill 

Proof of the "if" part of Theorem ^. 11\ Let Py (u) be any entire quasi-periodic function satis- 
fying the conditions in the Theorem l4.11l and let its zeros in the fundamental parallelogram (1, r) 
be Qi, • • • , a r . From Theorem l4.8^ Py(u) determines the set of eigenvalues d of ipk and (k G 
Z>o) uniquely. Consider the representation V = V^ 1 \q 2ai )0 ■ ■ ■ &>V^ (q 2ai ). Let = v q (g> 1 
denote the pseudo-highest weight vector in y( 1 )(g 2ai ) and set f2 = Vq(1)(£) ■ ■ ■ <SwQ(r). Then up 
to a scalar multiple, f2 is a unique pseudo-highest weight vector such that q h .£l = q r ft. Let us 
consider the submodule V = Uq )P {L{s{2)).£l of V. V has a unique maximal submodule V" . 
Then the quotient module V /V" is irreducible, and from Corollary 14.151 and Theorem 14.121 
V'/V" has the entire quasi-periodic function given by 

p v(u) = Y[ r j=l [u-a j }. 

Py{u) has the same quasi-periodicity and zeros as Py(u). Hence Py(u) coincides with Py(u) 
up to a scalar multiple. □ 
The following Proposition indicates a consistency of our construction of 7?/ jU) and the fusion 
construction of the dynamical R matrices (=face type Boltzmann weights). 
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Proposition 4.16. Let us define the matrix elements of tti iW (L£ e (u)) by 

i 

ni !W (L+ 1£2 (u))v l m = J2(L+ L£2 (u))n mlflm v l m ,, 

m'=0 

where fj, m = I — 2m. Then we have 

(Lt l£2 (u)) flml , m =Rf l (u-v,Py £ ^ Zr 

Here R^iv, — v, P) is the R matrix from (C.17) in [25]. The case I = 1, Rii(u — v, P) coincides 
with the image (tvx^ ® tti,il>) of the universal R matrix 7^~^"(A) [24] given in (12. 181) . The case 
I > 1, Rii{u — v,P) coincides with the R matrix obtained by fusing Rfi(u — v,P) l-times. In 
particular the matrix element R]]i(u — v,P) £ ^ is gauge equivalent to the fusion face weight 
Wn{P + e' , P + e' + fi',P + fi,P\u - v) from (4) in [7]. 

4.5 Tensor Product Representations 

In this subsection, we investigate a submodule structure of the tensor product space V^ h \q 2a )®V^ 2 \q 2b ) 
and derive an elliptic analogue of the Clebsch-Gordan coefficients. We abbreviate the pseudo- 
highest weight vectors v\f ® 1 and v 1 q (g> 1 of V^ ll \q 2a ) and V^ l2 \q 2b ) as v$ and v 1 q, respectively. 

Theorem 4.17. There exists a vector G V^ ll \q 2a )(S>V^ 2 \q 2b ) satisfying the conditions 
1) ~ 3) in the below, if and only if b — a = ll+l ?~ 2s + 1 (s = 0, 1, • • • , min{/i, h})- 

1) q h . v ( s ) = q h+h-2s v (s) ^ G H ^ 

2) A(7(u)).«W = Vu, 

3) A(a(u)).«W = A(u)v( s \ A{5(u)).v {s) = D(u)v {s) Vu, 



where 



[ u -a-L+i] [u - a + ii+i] 
Vh [u - a)ipi 2 (u - b) 

n , , [u-0-M+«][«-0-M-l2 + «-l] 

= 7 v / ■ 

^(ti - a)tpi 2 {u - b) 

Explicitely, the vector v^ s > is given by 



(s) = C s (P)v h <W 2 

mi=0 



r s f p\ ^. s [ p - l 2 + s- mi],- mi [Z 2 ~ 5 + l]mi (Aa s 
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Proof. We solve the conditions 1) ~ 3). The first condition yields 

s 

v (s) = E CS mM^XM 2 - mi (4-7) 



mi=0 



with unknown coefficients (u,P). 
By using 2) and (|3.10p . we obtain 



A( 7 (u))v^ = £ {C^ («, P + 1) 7 («X §«(«)^ 2 _ mi + (u, P - 1)<5(«X ®7(n)^ 2 _ mi } 

mi 

= 0. 

Apply Theorem 14.141 and move all the coefficients in the second tensor space to the first one by 
using the following formula obtained from (14,10 

P)<4 = u g/(«,P + h-(Z 2 -2m 2 ))^ 2 

= /(«,P-(Z 2 -2m 2 )>§« m2 . (4.8) 

Here one should note /*(u, P) = /(it, P), i.e. c = 0, in the evaluation representations. We thus 
obtain the following recursion relation. 

C° (u P) - C° UP 2 >-— l -^+ra 1 }[u-b + ^ + m 1 + l-P] 

h-s + mi ][P][P-l] f49) 
[h + 1 - mi][P -h + s-l- mi][P + s - mj' 1 ' 7 

Then one finds that all the u dependent factors cancel out each other, if and only if b — a = 
k±|=2s + i ( s = o, 1, ■ • • , min{/i, l 2 }). We hence obtain 

^,(P) = -^,_ l( P-2)— fe-^HPHP-l] (4.10) 

[ti + 1 — mi J [P — t 2 + s — 1 — mi J [P + s — mij 

Here we rewrote (it, P) as (P). Solving this, we obtain 

(7*(P) = Cg(P - 2mQ : . . [h - S + 2mi + 1]2mi =— . (4.11) 

miV ' ° V i; [-«i] mi [P-/ 2 + s-2mi] mi [P + S -2mi + l] mi 1 ; 

Here [u] m denotes the elliptic shifted factorial 

[u] m = [it] [it + 1] • • • [it + m - 1]. 
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Finally the third condition yields, for 5(u), 
A(5(u))v {s) 

s s 

= E C mA P + 1 Mu)vt 1 ®(3( U )v l *_ mi + E C s mi {P-l)5{u)v l ^®5{u) 

mi=0 r?ii=0 

cup- 1 ) 



U S — 7771 



Q <p h (u - a)cpi 2 (u-b)[P-l 2 + s-m 1 -l][P + s- mi] 

ir „ ir h — 2mi — l ir Z9 — 2(s — md — 1, 
x [P -h + s-mx-lWP + s-mxWu-a-- — ][u-b-- K — — - ] 



+[s - milfc -s + m 1 + l][u-a- h 2 ^ 1 - i>][« - 6 - h 1 + P]j v l ^_ mi - 

In the second equality, we used (|4,1U|) . By using the theta function identity 

[u + x] [u — x] [v + y] [v — y] — [u + y] [u — y] [v + x] [v — x] = [x — y] [x + y] [u + v] [u — v], 
we obtain 



A(i ( »)).,<" = d(u) ± c- m{ p-D . p l 7 [ ^' 2+28 :„ 2 p " 1 '- 11 f < 

^-^ P — 1 2 + s — mi — 1 LP + s — mi 

7711=0 



with -D(u) appearing in the statement of the theorem. Then the necessary and sufficient condi- 
tion that A(5(u)) is diagonalized on with the eigen value D(u) is 

C s (p) = r s [P][P-/ 2 + 2 S -2mi-l] 

mi1 ; mi{ ; [P-Z 2 + s-mi-l][P + s-mi]' 



Solving this, we obtain 



c s mi (P) = c s J P ! 2 P t 8 n mi] '" mi - ( 412 ) 



Here C m is a coefficient independent of P, which can be determined by substituting (|4.12p into 
(I4,10p . We hence obtain (P) in the form in (|4.6p . We can check that for A(a(u)), the similar 
argument leads to the same result ()4.6p . □ 
Remark. A similar statement was obtained in [17]. 

By applying fi(u) on repeatedly, we can compute the other weight vectors as follows. 
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Theorem 4.18. Setting I = l\ + l 2 — 2s, we have for < m < I 

A((3(u)(3{u + !)■■■ (i{u + m- l))v {s) 

[P] 



I\T=\ <Ph(u-a + i- l)tpi 3 (u-a-^ + i-1) 

+ m - 2k - l 2 + 
[P + m-2k + 1]< 



min(ii,s+m) . , 

E, xA-^ys " + m - 2k - l 2 + s\s r ti + 1, r — l „i 



fc=max(0, s+m— £2) 



x [—if + a — m + k — P]k[— u + a + l — m + 1]& 

hHfc[^ ~ fe] m -fc[P + h~k + l]m-k[s + l]m-fc 

[P - k + l] m - k [P] m - k [P + h-2k + l] m 



x 12^11 P + m — 2k; —k, — s, P - k,l 2 — s + 1, —u + a 



2 



7 1 

u-a-Z + ^— + 2m-2A; + P,P + m-2A; + / 1 + l) uj® u^ +fl _ fc . (4.13) 



2 

Moreover, we have for I < m 

A(f3(u)f3{u + 1) • • • /3(u + m - l))v {s) = 0. 

Here i 2 V±i denotes the very-well-poised balanced elliptic hypergeometric series defined by 
[18,48,49] 

rrf \ [ U + 2j] \4 [Ui]j 

s+ iV s (u ; ui, • • • , u s _ 4 = > — M 1 — — r 

[«o] [«0 + 1 - Uijj 

with the balancing condition 

Es — 7 s — 5 



i=l 

We give the proof in Appendix [Bl 

The vector v^ s ' obtained in Theorem 14.171 depends on the dynamical parameter P. Let us 
write its P dependence explicitely as S \P). It satisfies e Q .v^ s \P) = «W(P + 1). Setting 
y( s ) — ^ ^ i( s )(p + n), we have e^.^- 1 = vw. Hence «( s ) is a pseudo-highest weight vector. 
Note that is a vector in the F-linear space spaned by the vectors v l r $ ll <g>v l s 2 _ rn (0 < mi < s). 
Let us consider the pseudo-highest weight £/g P (L(s[2))-module W^ s ' generated by v^ s \ 

Theorem 4.19. If b — a = <1+ ^~ 2s +1 < s < min(^i,/ 2 ), the pseudo-highest weight 
Uq }P (L(5l 2 )) -module is a unique proper submodule of V = V < - h \q 2a )®V ( - h \q 2b ) . More- 

over we have 

W {s) ^ ^(ii-^^a-fJjgyGa-^^H-S)^ ( 4 . 14 ) 
* V^Xq^+'^y^V^-^Hq 2 ^-'-^^. (4.15) 
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Proof. From Theorem 14.114 it is enough to show that the entire quasi-periodic functions asso- 
ciated with the representations in the both sides coincide with each other under the condition 
b — a = ll+l ?~ 2s -\- 1 for < s < min(/i, I2). In fact, one can evaluate the action of the operators 
H^{u) on the highest weight vectors «M and v l J~'®v]?~ a ofW^ andV^-^iq^-^^V^-^iq 2 ^ 
respectively, and find that the eigen values coincide with each other. They are given by 

[ u _ a _ L±l][ u _ a + h±l] 
[u-a- l -^+s][u-a- 1 -^- 1 + s] ' 

Similarly, the eigen values of if ± (u) on the highest weight vectors v 1 q<SiVq and v s l ~ 1 <3v l Q +l2 ~ s+1 
of V/W^ and y( s - 1 )(g 2 ( a+!l ^ ±i ))iy(^+ ; 2-«+i)(g2(b-^ ±! )) ) respectively; coincide and are 

given by 

[ M -fl + ^][ u -6+i^] 
[u-a- l -^}[u-b- 1 -^] 

□ 

Remark. A similar statement was presented in [17] without proof. 



5 Discussions 

In this section, we consider the limits trigonometric r — > 00, non-affine u — > 00 and non- 
dynamical P — > 00 of the results and make some remarks on their algebraic structures and 
relations. 

In the limits, the elliptic dynamical R matrix degenerates as follows. 



R + {u,P) 



P->oo u- 



where setting x = q 2P we have 



R + (P) 



rig. 



fl 











(1-x) 2 

1-xz- 1 
1-x 



b(z) 



zc(z) 



,V2 



\0 

/1 

q q(l-q 2 x)(l-q- 2 -< 








1- 



(1-x) 2 

x{l-q 2 ) 
1-x 





1-x 



l—xz 
1-x 



c(z) 



b(z) 



o\ 




1/ 



o\ 






R + W) = pi n Az) 



1) 



(1 o\ 

b(z) c(z) 

zc(z) b{z) 

\o 1/ 
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(i o 



rV2 







q 1 - 
g 
\0 



(A 

g 2 


1/ 



Ptrig. 



CO 

6(z) 



i/2 (^ 1 ;g 4 )oo(g 4 g 



1. „412 

oo 



c(*) 



1 



g 2 2; 



1 — q 2 z 1 

Correspondingly naive degeneration limits of the RLL relation (|2.17p imply the following 
diagram of quantum algebras. 



U q>p {sh) 



U q , x (sl 2 ) 



P^oo 



U q>x (sl 2 ) 



P-KX) 

u— >oo 



U q (sl 2 ). 



(5.1) 



Here Uq X (sl2) is the dynamical quantum affine algebra suggested in [1]. However neither its 
generators nor the L operators has yet been given explicitely. Let us make some speculations on 
it. The Uq^xish) should be a semi-direct product C-algebra isomorphic to F[C/ g (sl2)] <8>c C[lf*] 
and characterized by the RLL relation of the type (|2.17p associated with Rf rig (u,P). In fact, 
the L + (u) operator as well as the half currents in Definition 12.81 do survive in the trigonometric 
limit. The .ff-Hopf algebroid structure of U qp (sl2) also survives in the limit. We hence expect 
that Uq jX (sl2) is an H-Hopf algebroid. We will discuss this subject in elsewhere. 

U q>x (sh) denotes the dynamical quantum algebra introduced by Babelon [4], and Uqish), 
Uqisi-i) are the standard quantum affine and non-affine algebras by Drinfeld-Jimbo, respectively. 
The quasi-Hopf algebra structure of U q ^ x (sl2) was studied in [3], whereas the generalized FRST 
formulation and the .ff-Hopf algebroid structure were discussed in [12,13,29]. The FRST formu- 
lation and Hopf algebra structure of U q (sl2) and f/ 9 (sfe) were given in [41] and [14], respectively. 

Concerning the FRST formulations, we should remark that in the elliptic algebra Ugpfak) 
as well as in B q ^\(sl2) the L operators L + (u) and L~{u) are not independent [24]. This is also 
true for its trigonometric and non-affine limits. However this is not true after the non-dynamical 
limit P — ► oo, so that we need two L operators L + and L~ for U q {s\.2) arid U q {s\2)- 

It is also interesting to see the limits of 12V11 obtained in (|4.13|) . Corresponding to the upper 
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series in (|5.ip . we find the following. 

h-l 



r— >oo 



12^11 IP + m — 2k; —s, —k, P — k, Z 2 — s + 1, — u + a 

V ^ 

«-a-I + ^i + a m -2 fc + ^ + ra -2 fc + I 1 + l) 

10^9 ^(P+m-2 fe ). g _2 Sj g -2k t ^(P-k) > g 2(fa-«+l) j ^(-u+a-^ 
2(u-o-Z+^ i +2m-2fe+P) 2(P+m-2fc+«i+l). 2 2^ 

y J > y i y > y I 

g V17 7 ^2(F+m-2fc). g -2 Sj g -2^ q 2(P-k) ^ q 2(l 2 -s+l) ^ q 2(P+m-2k+h+l) . g 2^ q -2{l-m)\ 
( n 2(P+m-2k+l) „2(m+l) „2(P+m-fc-« 2 +s) „2(fc-Zi). „2\ 

yy > y > y > y > y js —2sk 

~ ^g2(P+m-k+l) g2(m-k+l) g2(P+m-2k-l 2 +s) g-2h. q 2\^ 

( n -2s n -2k -2(P+m-k+s) 2(l-m+l) 
y > y i y > y 22 

;o ,0 
-2(a+m) g -2(P+m-fc+h-I-l) g2(h+l-s-fc) 

— (g 2 (m - fc+ l) ;g 2 )a 3fc| ^-2(^)^-2^ ^'«l> 



where 



(a 1} a 2 , • • • , a m ; <? 2 ) s = JJ(a,j; g 2 



i=i 



(a; (? 2 ) s = (l- a )(l-ag 2 )---(l-a^- 1 )). 

Here we followed the notations in [21]. After the second limit, we used the transformation 
formula from (2.17) in [29] whereas after the third limit, the formula from (3.2.2) in [21]. As 
shown by Rosengren [44], 10 Wg in the above gives a system of biorthogonal functions identical 
to the one obtained by Wilson [54] . The 4^3 part is identified with the y-Racah polynomial, and 
the 302 part with the g-Hahn polynomial. 

A representation theoretical derivation of 3^2 or the g-Clebsch-Gordan coefficients was done 
on the basis of C/g(s[ 2 ) in [27,28,52]. The case of or the g-Racah polynomials, or Askey- 
Wilson polynomial, has an interesting history. It was first done on the basis of the quantum 
group SU q {2) with considering the so-called twisted primitive element in [38] and [40]. Later an 
alternative derivation was carried out on the basis of the co-representations of U„ x (sl2) in [29]. 
The relation between these two derivations can be found in [42] and [50]. As for the case 12^11, 
a representation theoretical derivation was first done in [30] on the basis of co-representations 
of Felder's elliptic quantum group. In this paper we have given an alternative derivation on the 
basis of representations of E/ 9) p(s[ 2 ). Comparing (|5.ip and (j5.2j) . we conjecture that Wilson's 
biorthogonal functions 10 Wg can be derived similarly on the basis of Uq X (sl2)- 
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Moreover it is instructive to note that reading the diagram (|5.2p in inverse direction the dy- 
namical parameter P modifies the g-3j-symbols (3(^2 or the Clebsch-Gordan coefficients) into the 
<7-6j-symbols (4^3 or q-Racah polynomials), the affinization parameter u modifies the orthogonal 
polynomials (g-Racah, g-Hahn polynomials ) into the biorthogonal functions (Wilson's biorthog- 
onal function). As a result 12 Vn is an elliptic analogue of the g-6j-symbol and is biorthogonal. 
We think that this observation should become a guiding principle in choosing a suitable type 
of quantum groups, such as dynamical or non-dynamical, affine or non-affine, in a derivation of 
elliptic analogues of the g-special functions. 

It is also interesting to note that the above degeneration diagram of 12V11 coincides with 
the one of the hyper geometric type special solutions of the discrete Painleve equations [26] 
corresponding to the following degeneration of affine Weyl group symmetries [45]. 

It should be interesting if one could find a direct connection between this diagram or the discrete 
Painleve equations themselves and the quantum groups in (|5.ip . 
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A The RLL relation (2.17) at c = 



We write down the RLL relation (|2.17p in terms of the matrix elements of L + (u) 



[a(ui), a(u 2 )] = 0, [6(ui), 6(u 2 )] = 0, 
[f3( Ul ),f3(u 2 )}=0, [ 7 (m), 7 (n 2 )] =0, 
a(«i)/3(it 2 ) = c(u, P)a(u 2 )(3(ui) + b(u, P)f}(u 2 )a(ui), 
P(ui)a(u 2 ) = b(u, P)a(u 2 )j3(u{) + c(u, P)(3(u 2 )a(ui), 
7(ni)(5(u 2 ) = c(u, P)^(u 2 )5(ui) + b(u, P)5(u 2 )j(u 1 ), 
5{ui)^(u 2 ) = b(u, P)-y(u 2 )5(ui) + c(u, P)5(u 2 )^(u 1 ), 
c(u, P + h)j(ui)a(u 2 ) + b(u, P + h)a(ux)j(u 2 ) = j(u 2 )a(ui), 
b(u, P + h)j(ui)a(u 2 ) + c(u, P + h)a(u\)~f(u 2 ) = a(u 2 )j(ui), 
c(u, P + h)5{u l )(3{u 2 ) + b(u, P + h)f3( Ul )5(u 2 ) = 5(u 2 )f3( Ul ), 
b(u, P + h)5( Ul )f3(u 2 ) + c(u, P + h)f3( Ul )5(u 2 ) = P(u 2 )5( Ul ), 
c(u, P + h)-f( Ul )P(u 2 ) + b(u, P + h)a(ui)5(u 2 ) 

= c(u, P)7(it 2 )/3(«i) + b(u, P)S(u 2 )a(u 1 ), 
b(u, P + h)- l (u 1 )(3{u 2 ) + c(u, P + h)a{ui)5{u 2 ) 

= b(u, P)f3(u 2 )j{ui) + c(u, P)a(u 2 )5(ui), 
b(u, P + h)P( Ul )j(u 2 ) + c(u, P + h)5(ui)a{u 2 ) 

= b(u, P)7(it 2 )/3(«i) + c(n, P)<5(« 2 )a(iii), 
c(u, P + h)P( Ul )j(u 2 ) + 6(u, P + /i)5(ui)a(u 2 ) 

= c(u, P)P(u2)j(ui) + b(u, P)a(u 2 )5(ui). 



In order to prove the theorem, we need the following four Lemmas. 
Lemma B.l. For c = 0, 



(A.l) 
(A.2) 
(A.3) 
(A.4) 
(A.5) 
(A.6) 
(A.7) 
(A.8) 
(A.9) 
(A.10) 

(A.ll) 

(A.12) 

(A.13) 

(A.14) 



c = 0. 



B Proof of Theorem 4.18 



a(u)/3(vi) ■ --Pivi) 




' [ P + 1 ][P-k + l-u + v k }[l} 
^ [P][u- Vl + l][P-k + 2] 



0(vi)---a{v k )---l3{v l )p(u). 
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Proof. Use (|A.3P repeatedly. □ 
Lemma B.2. 

A(0(u)0(u + 1) • • • 0(u + m - 1)) 

m 

= ^2 Dj l {P)a(u + m-l)---a(u + m- j)/3{u + m - j - 1) • • • 0{u) 

j=0 

<8> 5(u) ■ • • 5(u + m — j — 1)0 (u + m — j) ■ ■ ■ 0{u + m — 1), 

w/tere 

n rn (p) _ [l]m [P] [P - m + 2j] 

J imMm-j [P + J\[P - m + j] 

Proof. We prove the statement by induction on m. The case m = 1 is just the comultiplication 
formula for 0(u). Assume that the statement is true for m. Then 

A(0(u)0(u + !)■■■ (3{u + m- l))A(0(u + m)) 

m 

= D'J 1 {P)ol{u + m — 1) • ■ ■ a(u + m — j)0(u + m — j — 1) ■ • ■ (3{u)a{u + m) 
i=o 

<g>£(it) • • • <5(it + m — j — 1)0 (u + m — j) ■ ■ ■ 0{u + m — + m) 

m 

+ V] Dj\P)a(u + m - 1) • • • a (it + m - j)/3(it + m - j - 1) ■ ■ ■ 0(u)0(u + m) 

<g>d~(u) ■ ■ ■ 5(u + m — j — 1)0 (u + m — j) ■ • • 0{u + m — l)5(u + m) 
= a(u + m — 1) ■ ■ • a(u)a(u + m) + 0{u + m — 1) • • ■ 0(u)0(u + m) 

m 

+ ^2 { D 1 Jl 1 (P)a(u + m - 1) • • • a(it + m - j + l)/3(u + m - j) • • • 0(u)a(u + m) 

3=1 



[P + j — m] 
[P + 2j - m] " 

D5(ix) • • • 5 (it + m — j — l)8(u + m — j)0(u + m — j + 1) ■ ■ ■ 6(u + m). 



+?Wt^ — Ji^i 1 ^)"^ + »™ - 1) • • • a(ix + m - j)/?(it + m - j - 1) • • • 0(u)0(u + m) 



To obtain the second equality we used the property of ® in (|3. 16)) with putting c = and the 
following relation obtained from (jA.lOp with putting u\ = v and U2 = v + 1 

*(«)/?(„ + 1) = I^+A+i^,,)^ + 1). 

Therefore we need to show 

Df +1 (P -j + l)a(u + m)/3(ii + m - j) ■ ■ ■ 0(u) 

= Df_ x {P -j + l)0(u + m - j) ■ ■ ■ 0{u)a{u + m) 
\p — m _i_ 11 

+75^ 1 TTT ^" (jP " j + 1)a(n + m " + m - j - 1) ■ ■ ■ 0(u)0(u + m)(B.2) 
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for j = 1, 2, • • ■ ,m. 

Specializing I — > m — j, u — > u + m — j, t> & — > u + k — 1 (1 < k < m — j) in Lemma IB. H we 
have 

a(u + m — j)(3(u + m — j — 1) • • • 

- "g ' ^f^f^] «■) •■■g(« + *-l)---/3(u + ro-j). 
Substituting this into the second term in the RHS of (|B.2j) . we obtain 
D m+i (p _ j + i) a (u + m )l3{u + m - j) ■ ■ ■ 0(u) 
= Df^{P -j + l)(3(u +m - j) - ■ ■ P(u)a(u + m) 

+ nm (P _ n , n V + 1 [P-m + l][P + l][P-m + j][i\ 
j{ ^ [P + j-ro + l][P][m-j + l][P-fc + 2] 

x/3(u) • • • a(u + fe - 1) • • • /3(tt + m - j)/3(u + m). (B.3) 

Similarly, specializing I — >> m — j + 1, it — ► u + m, u& — > u + A; — 1 (1 < /c < m — j + 1) in 
Lemma lB.ll , we obtain 



a(u + m)(3(u + m — j) ■ ■ ■ (5{u) 
_ [P + l][P-m + j 



[P] [P-m + j] [m + 1] 



(3(u) ■ ■ ■ P(u + m — j)a(u + m) 



+ E [PHm + +lHP ~ fc + 2] W ' • • ^ + * " 1} ' • • P(U + m ~ JMU + (R4) 

We compare this with (|B.3[) . These two relations coincide with each other if and only if 

D^-iiP ~ 3 + 1) _ [P + 1][P -m + j- 
Df +l {P-j + l) [P][P-m + j][m + l] ' 

Df(P -j + l) [P - m][P - m +j + l][m - j + 1] 



Therefore we obtain 



DT^P-j + l) [P-m + i][P-m + l][m + l] 
Df(P) _ [p - m + j - l][p - m + 2j][m -j + 1][P + j - 1] 



Df_ x {P) [P - m + j] [P - m + 2(j - 1)] [P + j] [j] 

Solving this with the initial condition Dq 1 (P) = 1, we obtain (jB.ip . □ 

Lemma B.3. For v 1 ^ G V^ ll \q 2a ), we have 

a(u + m — 1) • • • a(u + m — j)(3(u + m — j — 1) • • ■ 

= , [-» - Q + ^]m-fc[P ~ fc]m-fc[P + *1 ~ & + l] m -fc[-M + q- m- ^- P+ fc] fe [l] fc 



X ■ 



UT= i (« - a + « - 1) [P]m-k [P + h-2k + l] m 
- ^ + l]mi [P - 2fe + m] mi [P + h + m - 2k + l] mi , 



[P + m- k] mi [u-a + m + ±f±+P-2k + l] mi [1] 
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Here we set k = mi + m — j. 



Proof. Applying Theorer ri4.141 we evaluate the LHS as 



ipi(u-a + m-i)[P + i-l}[P + h + i] 



i=i 

(") 



ipi(u-a + m-j-i)[P + h + j + i] Vm ^+ m ~i 



k+mi [-u + a-m- ^ + 1 + /c] mi+m _ fc [P - k] mi+m _ k {P + h-h + l] mi+m _ fc 



Ilili <M U - a + i - !) [P]mi+m-k 

-mi 



[P + Zi - 2fc + l] r 

Then using the following formulae, we obtain the desired result. For b, k, mi, — mi £ Z>0) 
[a] mi +6 = H 6 [a + & ]mi, 



[a - 6] mi+b = (-) [-a + l] 6 [a] mi , 

r a + % 
[-a -2k + l] mi ' 



[« + %_ mi = (-r r „ L z::\i ■ □ 



Lemma B.4. For v l g_ mi & V^ 2 \q 2b ), we have 

v^ 1 § <5(ii) • • • <5(u + m - j - l)/3(u + m - j) ■ ■ ■ (3(u + m - 1) z/ 2 



s-mi 

)m+fc [-n + b + fag - m - s + lyu - b - + m + s + 1 - k + P] m _ fc [a + l] m _ fc 



U?=l <Pl*{v ~ b + i ~ 1)[P ~ k + l] m -k 
Ju-b - + 2m + s + 1 - 2k + P] mi [P-k + lU, [s] mi h ~ ^ 
[-u + b+ l -^-m-s + l] mi [P + m - 2k + l] 2mi Ufe ® 

#ere we se£ = mi + m — j. 

Proof. Applying Theorem 14.141 we evaluate the LHS as 

f = i y»j 2 («-6 + i-l) ^ w 2 (u-& + m-j + i-l)[P + /i-m + j + i] S ~ mi+J 
h ~ . )mi+k \u-b- + m + s- k] k _ mi \u-b- ^g + m + s + P + h+ 1 - fc] mi+m _ fc 

1 J WaCu-b + i-lJlP + ^ + WH-fc+lU+rn-* 

x [-m - s + k] mi+m _ k v l *_ k . 



Then the statement follows from (|4.8|) and 

[a - fe]jfc_ mi = (-)* 



N fc+mi [~ Q + jjj 



i-a + 1] 



r , ,i [° ~ k]m-k[a + m - 2k] 2mi , _ _ , . 

[a + mi - k\ mi+m _ k = = - k,m,m 1 € Z> , m > fc > m x . □ 

[a fcj mi 
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Proof of the first statement in Theorem \4- 18\ By using Lemma IB. 21 and (|4.7p , we obtain 



LHS 



2^ 2^ D T( P ) C k (P~m + 2j)a(u + m - 1) • ■ ■ a{u + m - j)/3(u + m - j - 1) • • • 

mi=0 j=0 



<5(-u) • • • 5(u + m — j — l)(3(u + m — j) ■ ■ ■ (3{u + m — 1) ?4 2 _ 



mi ' 



Then using (|4.6p and Lemma IB.3| IB. 41 and change the summation variable from j to A; by 
k = mi + m — j, we obtain the desired result. In the process, 12^11 is identified with the part 
associated with the summation with respect to m\ over max(0, k — m) < m\ < min(Zc, s). There 
we also manipulate (14. 6p by the formula 

[P - h + a - mijs-mi _ [P-h + s- 2mi] s [P - 2mi + l] 2mi 

[P + l] s _ mi _ [P - 2mi + l] s [P - Z 2 + a - 2mi] mi [P + s - 2mi + l] mi ' 

Proof of the second statement. Let us set m = l\ + 12 — 2s + 1. Then Zi — s + 1 < A; < Zi. We 

show that 12V11 part in (|4.13p vanishes for k = h — s + n (n = 1, 2, • • • , s). In fact, substituting 

m = Zi + Z2 — 2s + 1 and k = l\ — s + n, we find that the 12V11 part is reduced to 

A [P - h + h + 1 ~ 2ra + 2mi] 
^ n [P - Z x + Z 2 + 1 - 2n] 

mi=0 J 

[P - Zi + Z 2 + 1 - 2n] mi Hi + s - n] mi [-s] mi [P - Zi + s - n] mi [Z 2 + 1 - s] mi [P + Z 2 + 2 - 2n] mi 
X [l] mi [P + Z 2 - s + 2 - n] mi [P - Zi + Z 2 + 2 + s - 2n] mi [Z 2 - s + 2 - n] mi [P - h + s + 1 - 2n] mi [-h] mi 
_ [1 - n] 8 [-P + h-l 2 -2s-l + 2n] s [h +l 2 -2s + 2) S [-P - s + n] 8 

[l 1 -s + l} s [-P-l2-l + n} s [l 2 -s + 2-n} s [-P + l 1 -2s + 2n} s ' 1 

In the last line we used the Jackson-Frenkel-Turaev summation formula [18] 

[7 - ,9,7 + f3,a + S,a - S] s 



ioVg(/3 ~ 7 - s; -s, a - 7, -a - 7 + 1 - s, + 5, f3 - S) 



[a - (3, a + P, 7 + S, 7 - d] s ' 
(|B.5p vanishes for n = 1, 2, ■ ■ ■ , s. □ 



References 

[1] D.Arnaudon, J.Avan, L.Frappat, E.Ragoucy and M.Rossi, Towards a cladistics of double Yangians and 
elliptic algebras. J. Phys. A 33, 2000, 6279-6309. 

[2] H. Awata, H. Kubo, S. Odake, and J. Shiraishi. Quantum Wjv algebras and Macdonald polynomials. Comm. 
Math. Phys., 179:401-416, 1996. 

[3] O. Babelon, D. Bernard, and E. Billey. A quasi-Hopf algebra interpretation of quantum 3j- and 6j-symbols 
and difference equations. Phys. Lett. B, 375, 1996, 89-97. 

[4] O. Babelon. Universal Exchange Algebra for Bloch Waves and Liouville Theory. Comm. Math. Phys., 139, 
1991, 619-643. 



39 



[5] V. Chari and A. Pressley, Yangians and i?-Matrices, L'Enseignement Math., 36, 1990, 267-302. 

[6] V. Chari and A. Pressley, Quantum Affine Algebras, Comm. Math. Phys., 142, 1991, 261-283 

[7] E.Date, M.Jimbo, T.Miwa and M.Okado, Fusion of the Eight- Vertex SOS Model , Lett. Math. Phys., 12, 
1986, 209-215. 

[8] E.Date, M.Jimbo, A.Kuniba, T.Miwa, and M.Okado, Exactly Solvable SOS Models II: Proof of the Star- 
Triangle Relation and Combinatorial Identities, Advanced Studies in Pure Mathematics 16, 1988, 17-122. 

[9] V.G.Drinfeld, A New Realization of Yangians and Quantized Affine Algebras, Soviet Math. DokL, 36, 1988, 
212-216. 

[10] V.G.Drinfeld, Quasi-Hopf Algebras, Leningrad Math. J., 1, 1990, 1419-1457. 

[11] B. Enriquez and G. Felder, Elliptic Quantum Groups E T , v (sl-i) and Quasi-Hopf Algebra , Comm. Math. Phys., 
195, 1998, 651-689. 

[12] P.Etingof and A.Varchenko, Solutions of the Quantum Dynamical Yang-Baxter Equation and Dynamical 
Quantum Groups, Comm. Math. Phys., 196, 1998, 591-640. 

[13] P.Etingof and A.Varchenko, Exchange Dynamical Quantum Groups, Comm. Math. Phys., 205, 1999, 19-52. 

[14] L.D.Fadeev, N.Yu.Reshetikhin and L.A.Takhtajan, Quantization of Lie Groups and Lie Algebras, Algebraic 
Analysis, 1, eds. M.Kashiwara and T.Kawai, Academic, Boston 1989, 129-139. 

[15] B. L. Feigin and E. V. Frenkel. Quantum W-algebras and elliptic algebras. Comm. Math. Phys., 178:653-678, 
1996. 

[16] G. Felder, Elliptic Quantum Groups, Proc. ICMP Paris-1994, 1995, 211-218. 

[17] G. Felder and A. Varchenko, On Representations of the Elliptic Quantum Groups E TtV (sl2), 
Comm.Math.Phys., 181, 1996, 741-761. 

[18] LB. Frenkel, and V.G.Turaev, Elliptic Solutions of the Yang-Baxter Equation and Modular Hypergeo- 
metric Functions, in V. I.Arnold et.al.(eds.), The Arnold-Gelfand Mathematical Seminars, 1997, 171-204, 
Birkhauser, Boston. 

[19] E. Frenkel and N. Reshetikhin. Deformations of W— algebras associated to simple Lie algebras, 1997. 
|math.QA/9708006| 

[20] C. Fr0nsdal. Quasi-Hopf deformation of quantum groups. Lett. Math. Phys., 40, 1997, 117-134. 

[21] G. Gasper and M. Rahman, Basic Hypergeometric Series, 2nd ed., Encyclopedia of Mathematics and its 
Applications, 96, 2004, Cambridge Univ. Press 

[22] M.Jimbo, A g-analogue of U q (gl(N + 1)), Hecke Algebra and the Yang-Baxter Equation, Lett. Math. Phys., 
11, 1986, 247-252. 



40 



[23] M. Jimbo and T. Miwa, Algebraic Analysis of Solvable Lattice Models, CBMS Regional Conference Series 
in Mathematics, vol. 85, Amer. Math. Soc, 1994 

[24] M. Jimbo, H. Konno, S. Odake and J. Shiraishi, Quasi-Hopf Twistors for Elliptic Quantum Groups, Trans- 
formation Groups, 4, 1999, 303-327. 

[25] M. Jimbo, H. Konno, S. Odake and J. Shiraishi, Elliptic algebra U q , p (s\2)- Drinfeld currents and vertex 
operators, Comm. Math. Phys. , 199, 1999, 605-647 

[26] K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada, 10-E9 Solutions to the elliptic Painleve 
Equation, J. Phys. Math. Gen. ,36, 2003,L263-L272; Hypergeometric Solutions to the g-Painleve Equations, 
Int.Math.Res. Not.,2004,2497-2521. 

[27] A.N. Kirillov and N.Yu Reshetikhin. Representations of the algebra U q (sl(2)), g-orthogonal polynomials 
and invariants of links. Infinite- dimensional Lie Algebras and Groups , V.G.Kac (ed.), 285-339, 1989, World 
Sci., Singapore. 

[28] H.T. Koelink and T.H. Koornwinder. The Clebsch-Gordan Coefficients for the Quantum Group 5(7 M (2) and 
g-Hahn Polynomials. Indag. Math., 51:443-456, 1989. 

[29] E. Koelink and H.Rosengren, Harmonic Analysis on the 517 (2) Dynamical Quantum Group, Acta. Appl. Math., 
69, 2001, 163-220. 

[30] E. Koelink, Y.van Norden and H.Rosengren, Elliptic (7(2) Quantum Group and Elliptic Hypergeometric 
Series, Comm.Math.Phys., 245, 2004, 519-537. 

[31] T. Kojima and H. Konno, The Elliptic Algebra U,,, p (sIn) and the Drinfeld Realization of the Elliptic 
Quantum Group B q ,x{sl N ), Comm. Math. Phys., 239, 2003, 405-447. 

[32] T. Kojima and H. Konno, The Drinfeld Realization of the Elliptic Quantum Group B q ,\(A^), J. Math. Phys., 
45, 2004, 3146-3179. 

[33] T. Kojima and H. Konno and R. Weston, The Vertex-Face Correspondence and Correlation Functions of 
the Fusion Eight- Vertex Models I: The General Formalism, Nucl. Phys., B720, 2005, 348-398. 

[34] H. Konno, An Elliptic Algebra U q , p {sl 2 ) and the Fusion RSOS Models, Comm. Math. Phys., 195, 1998, 
373-403. 

[35] H. Konno, Dynamical R Matrices of Elliptic Quantum Groups and Connection Matrices for the g-KZ 
Equations, SIGMA, 2, 2006, Paper 091, 25 pages. 

[36] H. Konno, Elliptic Quantum Group U q , p (sl2) and Vertex Operators, to appear in J. Phys. A, 2008 Preprint. 

[37] H. Konno, The Elliptic Quantum Group U q , p (sl2), to appear in RIMS Kokyuroku Bessatsu , 2008 Preprint. 

[38] T.H. Koornwinder, Representations of the Twisted 5(7(2) Quantum Group and Some g-hypergeometric Or- 
thogonal Polynomials, Nederl. Akad. Wetensch. Indag. Math., 51 ,1989, 97-117; Askey-Wilson Polynomials 
as Zonal Spherical Functions on the 517(2) Quantum Group, SI AM J. Math. Anal, 24, 1993, 795-813. 



41 



[39] J.-H. Lu, Hopf Algebroids and Quantum Groupoids, Int. J. Math., 7, 1996, 47-70. 

[40] M.Noumi and K.Mimachi, Askey- Wilson Polynomials and the Quantum Group SU q (2), Proc. Japan Acad. 
Ser. A Math. ScL, 66, 1990, 146-149. 

[41] N.Yu.Reshetikhin and M.A.Semenov-Tian-Shansky, Central Extensions of Quantum Current Groups, Lett. 
Math. Phys., 19, 1990, 133-142. 

[42] H.Rosengren, A New Quantum Algebraic Interpretation of the Askey- Wilson Polynomials, Contemp. Math. 
, 254, 2000, 371-394. 

[43] H.Rosengren, Duality and Self-duality for Dynamical Quantum Groups, Algebr. Represent. Theory, 7, 2004, 
363-393. 

[44] H. Rosengren, An Elementary Approach to 6j-Symbols (Classical, Quantum, Rational, Trigonometric, and 
Elliptic), Ramanujan J., 13, 2007,133-168. 

[45] H. Sakai, Rational Surfaces Associated with Affine Root Systems and Geometry of the Painleve Equations, 
Comm. Math.Phys., 220, 2001,165-229. 

[46] J. Shiraishi, H. Kubo, H. Awata, and S. Odake. A quantum deformation of the Virasoro algebra and the 
Macdonald symmetric functions. Lett. Math. Phys., 38:33-57, 1996. 

[47] E.K. Sklyanin, Some Algebraic Structures Connected with the Yang-Baxter equation, Funct. Anal.Appl., 
16, 1983, 263-270; Some Algebraic Structures Connected with the Yang-Baxter equation. Representations 
of Quantum Algebras, Funct. Anal.Appl, 17, 1984, 273-284. 

[48] V.P.Spiridonov, and A.Zhedanov, Spectral Transformation Chains and Some New Biorthogonal Rational 
Functions, Comm. Math. Phys. , 210, 2000 49-83; Generalized Eigenvalue Problem and a New Family of 
Rational Functions Biorthogonal on Elliptic Grids, Special Functions 2000: Current Perspective and Future 
Directions, J.Bustoz et al. (eds.), Kluwer Acad. Publ., Dordrecht 2001, 365-388. 

[49] V.P.Spiridonov, "An Elliptic Incarnation of the Bailey Chain", Int. Math. Res. Notices 37, (2002) 1945-1977. 

[50] J.V. Stokman, Vertex-IRF Transformations, Dynamical Quantum Groups and Harmonic Analysis, Indag. 
Math., 14, 2003, 545-570. 

[51] V. Tarasov and A. Varchenko, Small Elliptic Quantum Group e T , 7 (sljv), Mosc. Math. J.,1, 2001, 243-286, 
303-304. 

[52] L.L. Vaksman. g-analogue of Clebsch-Gordan Coefficients and the Algebra of Functions on the Quantum 
5(7(2) Group . Soviet. Math. Dokl, 39:467-470, 1989. 

[53] Y. van Norden, Dynamical Quantum Groups, Duality and Special Functions, PhD thesis, 2005. 

[54] J.A.Wilson, Orthogonal Functions from Gram Determinants, SIAM J. Math. Anal, 2, 1991, 1147-1155. 

[55] P. Xu, Quantum Groupoids, Comm. Math. Phys., 216, 2001, 539-581. 



42 



